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Definitions

Consider the case of a structure where the supports are
subjected to assigned displacements histories, u; = u;(t).

To solve this problem, we start with augmenting the degrees
of freedom with the support displacements.

We denote the superstructure DOF with x 7, the support
DOF with xz and we have a global displacement vector x,
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The Equation of Motion Rpiokoia
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Damping effects will be introduced at the end of our Response Analysis
manipu|ati0ns. Response Analysis

Example

The equation of motion is

M M, {)"(T}+ K Kg {XT}_{O}
M] Mg | | %¢ K] Kg| | x¢ P,
where M and K are the usual structural matrices, while M,

and My, are, in the common case of a lumped mass model,
zero matrices.
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We decompose the vector of displacements into two epar R
contributions, a static contribution and a dynamic Selhaenis
contribution, attributing the given support displacements to
the static contribution.

G =t o)

where x is the usual relative displacements vector.
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Because the x, are given, we can write two matricial
equations that give us the static superstructure
displacements and the forces we must apply to the supports,
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T _
Kgx5+ Keexg = [
From the first equation we have
_ -1
xs = —K "Kgxg
and from the second we have

Py = (Kgg — K] K 'Kg)xg



Determination of static components

Because the x, are given, we can write two matricial
equations that give us the static superstructure
displacements and the forces we must apply to the supports,

Kxs + Kgxg =0

K;strKggxg:pg

From the first equation we have
_ -1
xs = —K "Kgxg
and from the second we have

Py = (Kgg — K] K 'Kg)xg

The support forces are zero when the structure is isostatic or

the structure is subjected to a rigid motion.
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Going back to the EOM Mutiple support
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We need the first row of the two matrix equation of Ty —
equilibrium, EOM Example

Response Analysis
M Mg X T K Kg XT 0 Response Analysis
T . + T == Example
Mg Mg | Xg Kg Koo | | Xg [
substituting x7 = x5 + x in the first row
Mx + Mxs + Mgx, + Kx + Kxs + Kgxg =0

by the equation of static equilibrium, Kxs + Kyx, = 0 we
can simplify

M5+M5ks+Mgkg+Kx = Mi+(Mg—MK 'K )%g+Kx = 0.



Influence matrix

The equation of motion is
Mx + (Mg — MK 'K )%z + Kx = 0.
We define the influence matrix E by
E=—-K'Kg,
and write, reintroducing the damping effects,

M5 + Cx + Kx = —(ME + M,)%, — (CE + Cg)x,
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Simplification of the EOM Rpiokoia
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For a lumped mass model, My = 0 and also the efficace Example
forces due to damping are really small with respect to the
inertial ones, and with this understanding we write

M5 + Cx + Kx = —ME5,.



Significance of E

E can be understood as a collection of vectors e;,
i=1,...,Ng (Ng being the number of DOF associated with
the support motion),

E:|:el e - ey,

where the individual e; collects the displacements in all the
DOF of the superstructure due to imposing a unit
displacement to the support DOF number i.
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This understanding means that the influence matrix can be S

computed column by column,
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» in the general case by releasing one support DOF, Senpl
applying a unit force to the released DOF, computing
all the displacements and scaling the displacements so
that the support displacement component is made equal
to 1,
» or in the case of an isostatic component by examining
the instantaneous motion of the 1 DOF rigid system
that we obtain by releasing one constraint.



EOM example i S
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We want to determine the influence matrix E for the Respamee Anelysic

Example

structure in the figure above, subjected to an assigned motion in B.

)
A lxz l X3 l X1

First step, put in evidence another degree of freedom x3
corresponding to the assigned vertical motion of the support
in B and compute, using e.g. the PVD, the flexibility matrix:

3 [54.0000 8.0000 28.0000

F:@ 8.0000 2.0000 5.0000
28.0000 5.0000 16.0000



EOM example i S
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The stiffness matrix is found by inversion,
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3EJ +70000 +120000 _160000 EOM Example

K = —— |+12.0000 +80.0000 —46.0000

]_3L3 ° Response Analysis

—16.0000 —46.0000 +44.0000

Response Analysis
Example

We are interested in the partitions K, and K,g:

_ 3EJ | +7.0000 +12.0000.0000 _ 3EJ |16
X 71313 |4+12.0000 +80.0000.0000|° "¢ T 1313 |—46] "

The influence matrix is

- 1 {28.0000
E = _KxleXg = [ ] )

16 | 5.0000

please compare E with the last column of the flexibility
matrix, F.
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Consider the vector of support accelerations,

Definitions
j'(g — {Xgh / — 1, ceny Ng} Equation of motion
EOM Example
and the effective load vector Response Analysis
Response Analysis
Ng Example
Peir = —MEXg = — ) Meg(t).
=1

We can write the modal equation of motion for mode

number n
Ng
Gn + 2C,wnqn + w%qn = - Z rnl)?gl(t)
I=1
where

Y, Me,

., =
nl M;:



The solution g,(t) is hence, with the notation of last lesson,

Ng
qn(t) = Z r‘nIDnl(t),
=1

D, being the response function for (, and w, due to the
ground excitation Xg.



Response analysis, continued

The total displacements x1 are given by two contributions,
XT = Xs + x, the expression of the contributions are

Ng
Xs = Exg(t) = Z e/Xg/(t))
I=1

=

11[-’nr‘nIDnl(t))
=1

N
X =
=1

n

and finally we have

N Ng

Ng
XT = Z eIXgl(t) + Z Zlbnrnanl(t)-
=1

n=1 |=1
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Forces Multiple support
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For a computer program, the easiest way to compute the
) Response Analysis
nodal forces is Example

a) compute, element by element, the nodal displacements
by x7 and xg,

b) use the element stiffness matrix compute nodal forces,
c) assemble element nodal loads into global nodal loads.

That said, let's see the analytical development...



Forces

The forces on superstructure nodes due to deformations are

N Ng
=Y > TuKW,Dylt)
n=1 |=1
N Ng
fs :Z ( nIIVhI)n)((fU Dnl ernlAnl
n=1 |=1

the forces on support
fos = K;xT+ Kgexg = K;x+pg
or, using xs = Exg

N Ng

= ZK e+ Kegg)xg+ > TwKJb,Dnlt)

n=1 |=1
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The structure response components must be computed
considering the structure loaded by all the nodal forces,

f
f=<,.°5%.
{fgs}
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The dynamic DOF are x; and x», vertical displacements of
the two equal masses, x3, X3, x5 are the imposed vertical
displacements of the supports, xg,...,x10 are the rotational
degrees of freedom (removed by static condensation).



The stiffness matrix for the 10x10 model is
12 -12 0 0 0 6L 6L 0 0 O -
—12 24 -12 0 0 -6L 0 6L 0 O
0 —12 24 —12 0 0 —-6L 0 6L O
0 0 —-12 24 —12 0 0 —-6L 0 6L
EJ| o 0o 0 -1212 0 0 0 —6L—6L
KlelOZF 6L -6 0 O O 41222 0 0 O
6L 0 —6L 0 0 228222 0 0
0 6L 0 —6L 0 0 2L2 812 2[2 0
0 0 6L 0 —6L 0 0 212 812 2/2
0 0 0 6L —6L 0 0 0 22 4.2




The first product of the static condensation procedure is the
linear mapping between translational and rotational degrees
of freedom, given by

71 —90 24 —6 1
- 1 [26 12 —48 12 -2 |
b=—1|-74 0 —42 7 [X.
56L | 2 —12 48 —12 —26
-1 6 —24 90 —71



Example

Following static condensation and reordering rows and
columns, the partitioned stiffness matrices are

EJ
K. — EJ [—102 —264 —18}
g 28[.3 —18 —264 —102 |»
EJ 145 72 3
Keg = 2813 [732 £y Zg}

The influence matrix is

1
-1 _
E=-K Kg_—7[13322%1§’]_
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Example

The eigenvector matrix is
_[-11
v=[71]
the matrix of modal masses is
M =¥TMY = m[29]

the matrix of the non normalized modal participation
coefficients is

o

_1 1
L:‘l’TME:m{f " g}

16 8 16
and, finally, the matrix of modal participation factors,

o 11
= (M%) 1L:{54ug}
32

16 32
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Denoting with Dj; = Dj;(t) the response function for mode i
due to ground excitation Xg;, the response can be written

o — (o (-3DutED1) Hna( 5 D215 Dot D22)
P21 (—%D11+%D13)+1b22(3%D21+3:5_2D23+% D22)

_ —1+D13+3 Di1+55 Do1+ 55 Dos+ 12 Do
_%D11+%D13+3%D21+% D23+i_(13 Dy



	Definitions
	Equation of motion
	EOM Example
	Response Analysis
	Response Analysis Example

