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Let's start with an example... Ceors . and an hypothesis Ceors
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CoQS|der a cantilever, WI’Fh varying propertles.rﬁ and EJ, Continons To study the previous problem, we introduce an Continons
subjected to a load that is function of both time t and ystems ystems

position X,
p = p(x, t).

The transverse displacements v will be function of time and
position,

v =v(x,t)
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—x ] m = m(x)
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approximate model by the following hypothesis,
vix, t) = W(x) Z(t),

that is, the hypothesis of separation of variables

Note that W(x), the shape function, is adimensional, while
Z(t) is dimensionally a generalised displacement, usually
chosen to characterise the structural behaviour.

In our example we can use the displacement of the tip of
the chimney, thus implying that W(H) = 1 because

Z(t)=v(H,t) and
v(H, t) = W(H) Z(t)




Principle of Virtual Displacements Generalized OWE TR
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Continuous . . Continuous
Systems The external forces are p(x, t), N and the forces of inertia Systems
For a flexible system, the PoVD states that, at equilibrium, fi; we have, by separation of variables, that dv = W (x)6Z

and we can write
OWE = oW,.

The virtual work of external forces can be easily computed,
the virtual work of internal forces is usually approximated by
the virtual work done by bending moments, that is

oW, = /OH p(x, t)dvdx = {/OH p(x, t)V(x) dx] 0Z =p*(t)oZ

H H
OWinertia :/0 —rT?(x)\'/'évdX:/O —m(xX)W(x)ZW(x)dx 6Z

oW %//\/léx p

_ _ _ = [/ —m(x)W23(x) dx] Z(t)6Z=m"Z4Z.
where x is the curvature and dxx the virtual increment of 0
curvature. The virtual work done by the axial force deserves a separate

treatment...
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The virtual work of N is Wy = Ndu where du is the _ _
chimney. bending moments, for an infinitesimal slice of beam we
We start computing the vertical displacement of the top of write
the chimney in terms of the rotation of the axis line, ) )
¢~ V'(x)Z(t), AWint = =MV" (x, t) dx = =MW" (x) Z(t) dx
H y 2 2
u(t)y=H —/O cospdx = /o (1 —cos¢)dx, with M = EJ(x)v" (x)
substituting the well known approximation cos¢ ~ 1 — %2 §(dWint) = EJ(x)V"2(x)Z(t)6Z dx
in the above equation we have
H 2 H 1 2 2 integrating
v Z-(t
0o 2 0 2 H
Wit = U EJ)V"2(x)dx| Z6Z =k*Z6Z

hence 0

H H
Su= / V2(x)Z(t)6Z dx = / V'2(x)dx Z6Z
0 0
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» the shape function must respect the geometrical S S
boundary conditions of the problem, i.e., both 2.5 | : : 1
C fi=1-cos(pi*x/2) — /]
X —y2 /A
v, = x? and Vs =1 — cos — 2 f2 Fap 0.8
2H 1
i f"
are accettable shape functions for our example, as - 15F 406 _
W1(0) = W5(0) = 0 and W) (0) = W,(0) =0 N i N ] N
- e S
» better results are obtained when the second derivative > 1r / 1 04
of the shape function at least resembles the typical r P 1
distribution of bending moments in our problem, so 0.3 - s B 0.2
that between =
0 | 1 1 1 0
! = constant and Wy = m cos =% ’ o o °° > '
1 — 2 - 4/_/2 2/_/ x/H
the second choice is preferable.
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Continuous
Using W(x) = 1 — cos 57, with m = constant and Systems

E J = constant, with a load characteristic of seismic
excitation, p(t) = —mvgy(t),

3 4

f = 1-— dx=m(z — —)H
m m/( cos ) X m(2 7r)

H 4
- 2 TX =T EJ
k EJ16H4/0 cos 2de 553
. Y N % 2
kG:NW Sin ﬁdx:8_HN

2
pg = —mvg(t)/ 1-— cos— dx = — (1 — %> mH Vg(t)

» The process of estimating the vibration characteristics
of a complex system is known as vibration analysis.

» \We can use our previous results for flexible systems,
based on the SDOF model, to give an estimate of the
natural frequency w? = k*/m*

» A different approach, proposed by Lord Rayleigh, starts
from different premises to give the same results but
the Rayleigh’s Quotient method is important because
it offers a better understanding of the vibrational
behaviour, eventually leading to successive refinements
of the first estimate of w?.

Vibration Analysis
by Rayleigh's
Method




Rayleigh’'s Quotient Method

Our focus will be on the free vibration of a flexible,
undamped system.

» inspired by the free vibrations of a proper SDOF we
write

Z(t) = Zpsinwt and v(x, t) = ZoW(x)sinwt,

» the displacement and the velocity are in quadrature:
when v is at its maximum v = 0 (hence V = Vjax,
T =0) and when v =0 v is at its maximum (hence
V=0 T=Thna

» disregarding damping, the energy of the system is
constant during free vibrations,

Vmax +0=0+ Tmax
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Vibration Analysis
by Rayleigh’s
Method

Rayleigh’ s Quotient Method

Now we write the expressions for Vimax and Tmax.

1

Vipax = 523 /S EJ(x)V"?(x) dx,
1

Trax = EWZZS/SM(X)\UZ(X) dx,

equating the two expressions and solving for w? we have

> Js EJ(x)W"?(x) dx
e mx)W2(x)dx

Recognizing the expressions we found for k* and m* we
could question the utility of Rayleigh's Quotient...
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Rayleigh’'s Quotient Method

» in Rayleigh's method we know the specific time
dependency of the inertial forces

fi = —m(x)V = Mm(x)w?ZoW(x) sinwt

fi has the same shape we use for displacements.

» if W were the real shape assumed by the structure in
free vibrations, the displacements v due to a loading
fi = w?>m(x)W(x)Zo should be proportional to W(x)
through a constant factor, with equilibrium respected
in every point of the structure during free vibrations.

» starting from a shape function Wg(x), a new shape
function Wy can be determined normalizing the
displacements due to the inertial forces associated with
Wo(x), fi = m(x)Wo(x),

» we are going to demonstrate that the new shape
function is a better approximation of the true mode
shape
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Vibration Analysis
by Rayleigh's
Method

Selection of mode shapes

Given different shape functions W; and considering the true
shape of free vibration W, in the former cases equilibrium is
not respected by the structure itself.

To keep inertia induced deformation proportional to W; we

must consider the presence of additional elastic constraints.
This leads to the following considerations

» the frequency of vibration of a structure with additional
constraints is higher than the true natural frequency,

» the criterium to discriminate between different shape
functions is: better shape functions give lower
estimates of the natural frequency, the true natural
frequency being a lower bound of all estimates.
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Selection of mode shapes 2
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p = m(x) I\Nllll

Refinement R

Choose a trial function W(9)(x) and write
v© = w©(x) 7O sinwt

Vinax = %2(0)2 / EJw(®772 45

Thax = 10J22(0)2 / ﬁvllf(o)2 dx

2

our first estimate Rog of w? is

,  JEJWO724x
[ mu©@2dx
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w

estimate

(1)
v — 2V

the deflections due to p(® are

> = w?w)

. . _' / ~ - ___- —
In general the selection of trial shapes goes through two N K \ P=M K
StepS, Selleriter o5 Vieak o I/ \l ,I Selection of Mode
1. the analyst considers the flexibilities of different parts Shepes I ! / Shapes
of the structure and the presence of symmetries to A / !
devise an approximate shape, i I |
1 I
2. the structure is loaded with constant loads directed as _— ' |
the assumed displacements, the displacements are e L (b) A A (©)
computed and used as the shape function, E/ (a)
of course a little practice helps a lot in the the choice of a ! l RN :_rri(x)
proper pattern of loading... Q Z/ d - -
@ T
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We try to give a better estimate of Vj,.x computing the
external work done by the inertial forces,

P = w2m(x)v(® = ZzO2p 0 (x)

7@
2

where we write Z(1) because we need to keep the unknown
2 in evidence. The maximum strain energy is

Vmax = l/p(O)V(l) dx = iLt.)LLZ(O)Z(l) / m(X)\U(O)\U(l) dx
2
Equating to our previus estimate of Tyayx we find the Ro:

> ZO [ mO)wOwO) dx

-~ ZO) [ m(x)wOwd) dx

_ 2y 1)

Refinement of
Rayleigh's
Estimates




Refinement Ry

With little additional effort it is possible to compute Tmax
from v(1):

1 1 -
Tmax = §w2 / I’?I(X)V(l)2 dx = §(*162(1)2 / m(x)w(l)Z dx

equating to our last approximation for Viax we have the
R11 approximation to the frequency of vibration,

> ZO [ mO)wOul) dx
— ZO) [ m(x)wOw®) dx’

Of course the procedure can be extended to compute
better and better estimates of w? but usually the
refinements are not extended beyond R11, because it would
be contradictory with the quick estimate nature of the
Rayleigh's Quotient method and also because R11
estimates are usually very good ones.

Generalized
SDOF's

Giacomo Boffi

Refinement of
Rayleigh’s
Estimates

Refinement Example
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