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Eigenvector Expansion

For a N-DOF system, it is possible and often advantageous to
represent the displacements x in terms of a linear combination of the
free vibration modal shapes, the eigenvectors, by the means of a set
of modal coordinates,

X:ZII)iqi :I.l’q
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Eigenvector Expansion

For a N-DOF system, it is possible and often advantageous to
represent the displacements x in terms of a linear combination of the
free vibration modal shapes, the eigenvectors, by the means of a set
of modal coordinates,

X:ZII)iqi :I.l’q

The eigenvectors play a role analogous to the role played by
trigonometric functions in Fourier Analysis,

> they possess orthogonality properties,

» we will see that it is usually possible to approximate the
response using only a few low frequency terms.
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Inverting Eigenvector Expansion

The columns of the eigenmatrix W are the N linearly indipendent
eigenvectors P, hence the eigenmatrix is non-singular and it is
always correct to write q = y-lix,

However, it is not necessary to invert the eigenmatrix...
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The modal expansion is

Definitions
— § . — . Inversion of
X —_ Il)l q 1 — ‘11 q y Eigenvector

Expansion

multiply each member by WTM, taking into account that
M* =¥ TMW:

YT Mx =¥ Myq =  ¥Y"Mx=M*q

but M* is a diagonal matrix, hence (M*)~! = {64;/M;i} and we can

write

P Mx
M;

g=M""W"Mx, o qi=
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The modal expansion is

Definitions

x=) $iqi=¥gq; e

Expansion

multiply each member by WTM, taking into account that
M* =YTMVY:

YT Mx =¥ Myq =  ¥Y'Mx=M"*q

but M* is a diagonal matrix, hence (M*)~! = {645/Mi} and we can
write

_pTMx

= 7]\/[1 .

Note: this formula works also when we don’t know all the eigenvectors and the

inversion of a partial, rectangular W is not feasible.

g=M""W"Mx, o q;



Uncoupled Equations of Motion
Undamped
Damped System
Initial Conditions
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Substituting the modal expansion x =W ( into the equation of
motion, Mx + Kx = p(t),

Mll]q + K\llq = p(t) Undamped
Damped System
Initial Conditions

Premultiplying each term by W' and using the orthogonality of the
eigenvectors with respect to the structural matrices, for each modal
DOF we have an indipendent equation of dynamic equilibrium,

M; §; + wiMiqi = pi(t), i=1,...,N.
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Substituting the modal expansion x =W ( into the equation of
motion, Mx + Kx = p(t),

MY q + K¥q = p(t). Undamped

Damped System
Initial Conditions

Premultiplying each term by W' and using the orthogonality of the
eigenvectors with respect to the structural matrices, for each modal
DOF we have an indipendent equation of dynamic equilibrium,

M; §; + wiMiqi = pi(t), i=1,...,N.

The equations of motion written in terms of nodal coordinates constitute a
system of N interdipendent, coupled differential equations, written in terms of
modal coordinates constitute a set of N indipendent, uncoupled differential
equations.
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For a damped system, the equation of motion is

Mx+Cx+Kx=p(t)
and in modal coordinates

M G +p ' CW¥ g+ wiMiqi = pi(t).

Undamped
Damped System
Initial Conditions

With ] Cp; = ¢y the i-th equation of dynamic equilibrium is

Midi+ ) oy g+ wiMiqi =pi(t), i=1,...,N;
j

The equations of motion in modal coordinates are uncoupled only if ¢i; = 8;;C;.
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For a damped system, the equation of motion is

Mx+Cx+Kx=p(t)
and in modal coordinates

M G +p ' CW¥ g+ wiMiqi = pi(t).

Undamped
Damped System
Initial Conditions

With ] Cp; = ¢y the i-th equation of dynamic equilibrium is

Midi+ ) oy g+ wiMiqi =pi(t), i=1,...,N;
j

The equations of motion in modal coordinates are uncoupled only if ci; = 8;;C;.
If we define the damping matrix as

C=Y oM (MK)",
b

we know that, as required,

Ci_j = 6{jCi with Ci (: 2C1Miwi) = Z Ch ((,U%)b .
b



Damped Systems, a Comment

If the response is computed by modal superposition, it is usually
preferred a simpler but equivalent procedure: for each mode of
interest the analyst imposes a given damping ratio and the
integration of the modal equation of equilibrium is carried out as
usual.
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If the response is computed by modal superposition, it is usually

preferred a simpler but equivalent procedure: for each mode of

interest the analyst imposes a given damping ratio and the S
integration of the modal equation of equilibrium is carried out as nitial Condiions
usual.

The > c¢p ... procedure is useful when, e.g. for non-linear problems,

the integration of the eq. of motion is carried out in nodal

coordinates, because it is easier to specify damping properties

globally as elastic modes properties (that can be measured or

deduced from similar outsets) than to assign correct damping

properties at the FE level and assembling C by the FEM.
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For a damped system, the modal response can be evaluated, for rest
initial conditions, using the Duhamel integral,

1 t
_ —Ciwi(t—T) ¢
i(t) = — i(T)e sinwpi(t—T)dt
ailt) = g | puto pilt—1)
Damped System
Initial Conditions
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For a damped system, the modal response can be evaluated, for rest
initial conditions, using the Duhamel integral,

1 t
_ —Ciwi(t—T)
(1) = i(T)e sinwpi(t—T)dt
ql( ) M, w; JO Pl( ) Dil ) S
Damped System
Initial Co:ditions

For different initial conditions xg, Xg, we can easily have the initial
conditions in modal coordinates:

qo = M* W TMxq
qo = M* W Mx,

and the total modal response can be obtained by superposition of
Duhamel integral and free vibrations,

di,0 + gi0Ciwy

qi(t) = e “@(gipcos wpit +
Wwpi

sinwpit) +---



Having computed all the N modal responses, qi(t), the response in
terms of nodal coordinates is the sum of all the N eigenvectors, each
multiplied by the corresponding modal response:

N
xX(t) =) Piqi(t)
f—

=P14q1(t) +P2go(t) + - + bngn(t)
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Truncated sum

A truncated sum uses only M < N of the lower frequency modes
M<N
x(t) ~ 3 {57 bigi(t),

and, under wide assumptions, gives you a good approximation of the
structural response.

The importance of truncated sum approximation is twofold:

» less computational effort: less eigenpairs to calculate, less equation of
motion to integrate etc

» in FEM models the higher modes are rough approximations to structural
ones (mostly due to uncertainties in mass distribution details) and the
truncated sum excludes potentially spurious contributions from the
response.
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Elastic Forces

Until now, we showed interest in displacements only, but we are
interested in elastic forces too. We know that elastic forces can be
expressed in terms of displacements and the stiffness matrix:

fs(t) = Kx(t) = Kp1q1(t) + Kipogo(t) +-- - .
From the characteristic equation we know that
Kip; = wiMap;
substituting in the previous equation

fs (t) = w%Mll)lql(t) + (U%Mlpzqz(t) + e
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Elastic Forces, 2

The high frequency modes contribution to the elastic forces, e.g.

fs(t) = wiMp1qi(t) + -+ + w3Mipoodao(t) + -+

when compared to low frequency mode contributions are more
important than their contributions to displacement, because of the
multiplicative term wiz.

From this fact follows that, to estimate internal forces within a given
accuracy a greater number of modes must be considered in a
truncated sum than the number required to estimate displacements

within the same accuracy.
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my
k; =120MN/m, my; =200t, [ ——
X
ko =240MN/m, m,=300t, K - !
ks =360 MN/m, mgz =400t. [ ——
ko X2
ms3 Definition
. Elastic Forces
k3 X3 Example

1. The above structure is subjected to these imtna(conditions,
xg = {Smm 4mm 3mm},
xg ={0 9mm/s 0}.
Write the equation of motion using modal superposition.
2. The above structure is subjected to a half-sine impulse,

p'(t)={1 2 2} 25MNsin Ttt—t with t; = 0.02s.
1

Write the equation of motion using modal superposition.



Example: structural matrices

my
k1 X1
My
k; =120MN/m, m; =200t,
X
ko 2 K, =240MN/m, m, =300t
m3
I ks =360 MN/m, m3 =400t.
k3 X3
The structural matrices can be written
1 —1 0
_ MN
K=k|-1 3 =2 =kK, with k = 120——,
0 —2 5 m

0
M=m|0 3 0|=mM, with m = 100000 kg.
0
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We want the solutions of the characteristic equation, so we start
writing that the determinant of the equation must be zero:

K= M| = [[K— 02M] <o,

with w? = 1200 (13¢)" 02 e e
Expanding the determinant Example
1—20? —1 0
0 -2 5— 40?2

we have the following algebraic equation of 3rd order in Q2

11 15 1
24 (0% — 0%+ =0%?—>) =0.
(00 o+ For—7)



Example: table of eigenvalues etc

Here are the adimensional roots Q%, i=1, 2,3, the dimensional

. 2 : : .
eigenvalues w% = 1200%0% and all the derived dimensional

quantities:
Q3% =0.17573
w? = 210.88
w; = 14.522
f; = 2.3112
T; = 0.43268

032 =10.8033
w3 = 963.96
wy = 31.048
f, = 4.9414
T3 = 0.20237

Q3 =1.7710
w3 =2125.2
w3 = 46.099
f3 = 7.3370

T3 =0.1363
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Example: eigenvectors and modal matrices nested Sume
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With 1y; = 1, using the 2nd and 3rd equations,

3-302 -2 | fuy)_ 1
2 542 Wy S 0
The above equations must be solved for j = 1,2, 3. The solutions are finally

collected in the eigenmatrix

Definition

1 1 1 oot
Y = | 4+0.648535272183 —0.606599092464 —2.54193617967 | .
+0.301849953585 —0.678977475113 +2.43962752148
The Modal Matrices are

362.6 0 0

M*=| 0 4947 0 x 10% kg,

0 0 4519.1

76.50 0 0 N

K=| 0 4770 0 x 106 —

0 0  9603.9 m
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5 15.9027
qo=(M*)"WTM {4} mm=<{ —1.0968 p mm, Rincic Forces
3 10.1941 Samele
| o (O) e [H48288)
do=(M*)"wTM {0} 0 = ! 33101
o] S —15187) °



Example: structural response

These are the displacements, in mm

X1 = +5.91 cos(14.5t + .06) + 1.10 cos(31.0t — 3.04) + 0.20 cos(46.1t — 0.17)
X2 = +3.83 cos(14.5t + .06) — 0.67 cos(31.0t — 3.04) — 0.50 cos(46.1t — 0.17)
x3 = +1.78 cos(14.5t + .06) — 0.75 cos(31.0t — 3.04) + 0.48 cos(46.1t — 0.17)
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Example: structural response

These are the displacements, in mm

x1 = +5.91 cos(14.5t + .06) + 1.10 cos(31.0t — 3.04) 4 0.20 cos(46.1t — 0.17)
X2 = +3.83 cos(14.5t + .06) — 0.67 cos(31.0t — 3.04) — 0.50 cos(46.1t — 0.17)
x3 = +1.78 cos(14.5t + .06) — 0.75 cos(31.0t — 3.04) + 0.48 cos(46.1t — 0.17)

and these the elastic/inertial forces, in kN

X1 = +249. cos(14.5t + .06) + 212. cos(31.0t — 3.04) + 084. cos(46.1t — 0.17)
Xo = +243. cos(14.5t + .06) — 193. cos(31.0t — 3.04) — 319. cos(46.1t — 0.17)
x3 = +151. cos(14.5t + .06) — 288. cos(31.0t — 3.04) + 408. cos(46.1t — 0.17)
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Example: structural response ncated Sume.
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These are the displacements, in mm

x1 = +5.91 cos(14.5t + .06) + 1.10 cos(31.0t — 3.04) 4 0.20 cos(46.1t — 0.17)
X2 = +3.83 cos(14.5t + .06) — 0.67 cos(31.0t — 3.04) — 0.50 cos(46.1t — 0.17)

Definition
x3 = +1.78 cos(14.5t + .06) — 0.75 cos(31.0t — 3.04) + 0.48 cos(46.1t — 0.17) Elastic Forces

Example

and these the elastic/inertial forces, in kN

X1 = +249. cos(14.5t + .06) + 212. cos(31.0t — 3.04) + 084. cos(46.1t — 0.17)
Xo = +243. cos(14.5t + .06) — 193. cos(31.0t — 3.04) — 319. cos(46.1t — 0.17)
x3 = +151. cos(14.5t + .06) — 288. cos(31.0t — 3.04) + 408. cos(46.1t — 0.17)

As expected, the contributions of the higher modes are more important for the
forces, less important for the displacements.
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Introduction

Dynamic analysis of MDOF systems based on modal superposition is
both simple and efficient

» simple: the modal response can be easily computed, analitically
or numerically, with the techniques we have seen for SDOF
systems,

» efficient: in most cases, only the modal responses of a few lower
modes are required to accurately describe the structural
response.
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Introduction

The structural matrices being easily assembled using the FEM, the
modal superposition procedure is ready to be applied to structures
with thousands, millions of DOF's!
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Introduction

The structural matrices being easily assembled using the FEM, the
modal superposition procedure is ready to be applied to structures
with thousands, millions of DOF's!

But wait, we can know how to compute the eigenpairs only when the
analyzed structure has very few degrees of freedom...
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Introduction

The structural matrices being easily assembled using the FEM, the
modal superposition procedure is ready to be applied to structures
with thousands, millions of DOF's!

But wait, we can know how to compute the eigenpairs only when the
analyzed structure has very few degrees of freedom...

We will discuss how it is possible to compute the eigenpairs of
arbitrarily large dynamic systems using the so called Matrix [teration
procedure (and a number of variations derived from this fundamental

idea).



Fundamental Mode Analysis
A Possible Procedure
Matrix Iteration Procedure
Convergence of Matrix Iteration Procedure
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First, we will see an iterative procedure whose outputs are the first,

or fundamental, mode shape vector and the corresponding Froedare
eigenvalue. e
When an undamped system freely vibrates with a harmonic time

dependency of frequency wj, the equation of motion, simplifying the

time dependency, is

Kll)i = w%Mﬂ)l

In equilibrium terms, the elastic forces are equal to the inertial forces
when the systems oscillates with frequency w% and mode shape 1;



Proposal of an iterative procedure

Our iterative procedure will be based on finding a new displacement
vector X, ;1 such that the elastic forces fs = Kx;,1 are in
equilibrium with the inertial forces due to the old displacement
vector X, 1 = w%Mxn, that is

2
KXnt1 = wiMxq,.

Premultiplying by the inverse of K and introducing the Dynamic
Matrix, D = K~1M

Xni1 = WK IMx, = w?Dx,.
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Idea
Procedure

Convergence



Proposal of an iterative procedure ncated Sume.
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Our iterative procedure will be based on finding a new displacement

vector X, ;1 such that the elastic forces fs = Kx;,1 are in

equilibrium with the inertial forces due to the old displacement Ereadure
vector Xn, f1 = w?Mx,, that is comverenes

2
KXnt1 = wiMxq,.

Premultiplying by the inverse of K and introducing the Dynamic
Matrix, D = K~1M

Xni1 = WK IMx, = w?Dx,.

In the generative equation above we miss a fundamental part, the
square of the free vibration frequency w?.



The Matrix Iteration Procedure, 1 i s
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This problem is solved considering the x,, as a sequence of Convergence
normalized vectors and introducing the idea of an unnormalized new
displacement vector, X 11,

72'rL+1 = Dxny

note that we removed the explicit dependency on w?.



The Matrix Iteration Procedure, 2 i s
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The normalized vector is obtained applying to X,, 1 a normalizing
factor, §ni1,

7’2“+1 Idea
Xnt1 = : el
Sn+1
2 23 1 2
but Xn41 = wlin = WiXn+1, = = = W3

§



The Matrix Iteration Procedure, 2 P
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The normalized vector is obtained applying to X,, 1 a normalizing
factor, §ni1,

7’2“+1 Idea
Xn+1 = ' et
gn+1
2 23 1 2
but Xn41 = wlin = Wi Xn+1, = § = wj

If we agree that, near convergence, X, 1 &~ Xp,, substituting in the
previous equation we have

~ — 2% 2 _ Xn

~ .

Xn+1



The Matrix lteration Procedure, 2 [
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The normalized vector is obtained applying to X,, 1 a normalizing
factor, n1,

7’2“+1 Idea
Xn+1 = ' frosre
gn+1
2 20 1 2
but Xni1 = wiDxpn =wiXkni1, = < =wj

If we agree that, near convergence, X, 1 &~ Xp,, substituting in the
previous equation we have
2 Xn

~ — (2% ~
Xn+1 R Xn = Wi Xn+1 = Wi = 3 .
Xn+1

Of course the division of two vectors is not an option, so we want to
twist it into something useful.



Normalization
First, consider x,, = \i: in this case, forj =1,..., N it is
A _ 2
Xn,j/Xny1j = Wi.

When x,, # 1 it is possible to demonstrate that we can bound the
eigenvalue

. Xn i X1i
~ min {A“J}gw3< max {An)}
i=L...N [ Xn41j j=1L...N ([ Xn+1j
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Normalization
First, consider x,, = \i: in this case, forj =1,..., N it is
A _ 2
Xn,j/Xny1j = Wi.

When x,, # 1 it is possible to demonstrate that we can bound the

eigenvalue
) X Xn 3
~ min {A“J}gw3< max {An)}
j=1,...N [ Xn+41,j j=1L..N ( Xn+41,j

A more rational approach would make reference to a proper vector
norm, so using our preferred vector norm we can write

ST
X 1Mxn

LN

RT  MRni
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Normalization
First, consider x,, = \i: in this case, forj =1,..., N it is
A _ 2
Xn,j/Xny1j = Wi.

When x,, # 1 it is possible to demonstrate that we can bound the
eigenvalue

. Xn,j Xn,j
~ min {A]}gw3< max {A)}
i=L...N [ Xn41j j=1L...N ([ Xn+1j
A more rational approach would make reference to a proper vector
norm, so using our preferred vector norm we can write

ST
Xy Mxp

LN

RT  MRni

(if memory helps, this is equivalent to the Ry; approximation, that we introduced
studying Rayleigh quotient refinements).
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Proof of Convergence, 1 G
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Until now we postulated that the sequence x,, converges to some,
unspecified eigenvector i, now we will demonstrate that the
sequence converge to the first, or fundamental mode shape,

Idea

. Procedure
lim x, =1P3. @emvaizn
n—oo

1. Expand xg in terms of eigenvectors an modal coordinates:

X0 =P1q1,0 +P2gz0+P3qzo+--- .

2. The inertial forces, assuming that the system is vibrating
according to the fundamental frequency, are

fln—o = WIM (Y1910 +P2G20 + W3q30 + )

2 2

— M (w1102 + Wibrqao—d + - --

= 1W¥1q1,0 w2 2W2(2,0 w2 .
1 2
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3. The deflections due to these forces (no hat!, we have multiplied by w?) are
idea

2
Procedure
Xn=1 = KM ( lll)lql 0 + (,Uzll)zqg 07 + - ) Convergence

(note that every term has been multiplied and divided by the corresponding
eigenvalue w?).

4. With w?M; = Kp;, substituting and simplifying K'K =1,

w?\'! w? w? !
Xno1 = K! <K1P1Q1,o (uT%) + Kaqzo (uT%) + Kzqsp (w*%) +- )

2 2 2
w w w
1 1 1

=1P1qio— T W2g20—5 +W3gso—5 + -,
w? w3 w3



Proof of Convergence, 3
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Idea
5. applying again this procedure

Procedure

Convergence

w?\? w?\? w?\?
— 1 1 1
Xn—2 = <11’1Q1,0 <w%> +12q20 <w§> +13qs30 <w§> + ) ,
6. applying the procedure n times

w\" w\" w\"
Xn = (ll’quo (w%) +2q20 (LT%) +3qsp ((,T%) +) .



Proof of Convergence, 4
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Going to the limit,

Idea

||m X — Procedure
=00 n ll) 1 q 1,0 Convergence
because
S\ ™
. w
lim 7% = 51]'
n—oo w).

Consequently,
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Sweeping Matrix



Purified Vectors

If we know 1 and w? from the matrix iteration procedure it is

possible to compute the second eigenpair, following a slightly
different procedure.
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Purified Vectors

If we know 1 and w? from the matrix iteration procedure it is
possible to compute the second eigenpair, following a slightly

different procedure.

Express the initial iterate in terms of the (unknown) eigenvectors,

Xn—o =¥ qdn=0

and premultiply by the (known) W] M:

solving for q1n—o

P{ Mxn—o = Miq1n=0

din=0=

T

My

Truncated Sums,
Matrix lteration

Giacomo Boffi

Purified Vectors
GrroRfins s
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If we know 1 and w? from the matrix iteration procedure it is
possible to compute the second eigenpair, following a slightly
different procedure.

Express the initial iterate in terms of the (unknown) eigenvectors,

Purified Vectors

Xn=0 =¥ n=o Sweeping Matrix
and premultiply by the (known) W] M:
P MxXn—0 = M1q1n—0o
solving for q1n—o
TMxn—o
M; '

Knowing the amplitude of the 1st modal contribution to x,,—g we
can write a purified vector,

din=0 =

Yn=0 = Xn—0 — P1gi,n—o-



Convergence (?)

It is easy to demonstrate that using Yn—o as our starting vector

lim Yn :11)2q2’n:0, lim |yn| =

n—0c0 n—oo [(n|

because the initial amplitude of the first mode is null.

2

2-
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It is easy to demonstrate that using Yn—o as our starting vector

[Ynl . w%.

lim Yn :1|)2q2’n:0, lim

n—oo n—oo |gn| B Purified Vectors

Sweeping Matrix

because the initial amplitude of the first mode is null.

Due to numerical errors in the determination of fundamental
mode and in the procedure itself, using a plain matrix iteration
the procedure however converges to the 1st eigenvector, so to
preserve convergence to the 2nd mode it is necessary that the
iterated vector Y is purified at each step n.



Purification Procedure

The purification procedure is simple, at each step the amplitude of
the 1st mode is first computed, then removed from the iterated
vector Yn

din = w;Myn/Mly

. 1
Unts1=DYn—P1q1,n) =D (I — Mlll)lll’IM> Yn
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Purified Vectors
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Purlflcatlon Procedure Truncated Sums,

Matrix lteration

Giacomo Boffi

The purification procedure is simple, at each step the amplitude of
the 1st mode is first computed, then removed from the iterated
vector Yn

— T i) Vi
ql,n - 1b1 Myn/Mly :weepingVM:trix

. 1
Unts1=DYn—P1q1,n) =D (I — ]\/llll)lll’fM) Yn

Introducing the sweeping matrix S; =1 — N%d’ﬂl’ﬁ“ and the
modified dynamic matrix D, = DSy, we can write

Un+1 =DS1yn = Doyn.



Purification Procedure

The purification procedure is simple, at each step the amplitude of
the 1st mode is first computed, then removed from the iterated
vector Yn

qin = W] Myn/Mjy,
1
Unts1=DYn—P1q1,n) =D (I — ]\/llll)lll’fM) Yn

Introducing the sweeping matrix S; =1 — N%d’ﬂl’ﬁ“ and the
modified dynamic matrix D, = DSy, we can write

Un+1 =DS1yn = Doyn.

This is known as matrix iteration with sweeps.
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Purified Vectors
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Third Mode

Using again the idea of purifying the iterated vector, starting with the knowledge
of the first and the second eigenpair,

Unt1 =D (Yn —P1q1n — P2g2n)

with g1 as before and
Jon = ll)-eryn/ML

substituting in the expression for the purified vector

N 1 1
Oni1=D(I— Wll’lll’IM—mlbzlbgM)
| Sy —
S1

Truncated Sums,
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Higher Modes



Third Mode

Using again the idea of purifying the iterated vector, starting with the knowledge
of the first and the second eigenpair,

Unt1 =D (Yn —P1q1n — P2g2n)

with g1 as before and
Jon = w-eryn/ML

substituting in the expression for the purified vector

N 1 1
Oni1=D(I— Wll’lll’IM—mlbzlbgM)
| Sy —
S1

The conclusion is that the sweeping matrix and the modified dynamic matrix to
be used to compute the 3rd eigenvector are

1
S;=8— Wll&ll’ng D;=DS,.

Truncated Sums,
Matrix lteration

Giacomo Boffi

Higher Modes



Generalization to Higher Modes Truncated Sums,

Matrix Iteration

. . . . Giacomo Boffi
The results obtained for the third mode are easily generalised.

It is easy to verify that the following procedure can be used to compute all the
modes.

Define So =1, take i =1,

1. compute the modified dynamic matrix to be used for mode 1,
Higher Modes

D;i=DS;

2. compute ; using the modified dynamic matrix;
3. compute the modal mass M; = "M ;

4. compute the sweeping matrix S; that sweeps the contributions of the first i
modes from trial vectors,

1
Si=8i1— Wll’ill’iTM;

5. increment i, GOTO 1.



Generalization to Higher Modes Truncated Sums,

Matrix lteration

. . . . Giacomo Boffi
The results obtained for the third mode are easily generalised.

It is easy to verify that the following procedure can be used to compute all the
modes.

Define So =1, take i =1,

1. compute the modified dynamic matrix to be used for mode 1,
Higher Modes

D;i=DS;

2. compute ; using the modified dynamic matrix;
3. compute the modal mass M; = "M ;

4. compute the sweeping matrix S; that sweeps the contributions of the first i
modes from trial vectors,

1
$i=8i1— Wll’ill’iTM;

5. increment i, GOTO 1.

Well, we finally have a method that can be used to compute all the eigenpairs of
our dynamic problems, full circle!



Truncated Sums,

DlSCUSSlon Matrix lteration

Giacomo Boffi

The method of matrix iteration with sweeping is not used in

production because

1. D is a full matrix, even if M and K are banded matrices, and LGICFIEEES

the matrix product that is the essential step in every iteration is
computationally onerous,

2. the procedure is however affected by numerical errors,

so, after having demonstrated that it is possible to compute all the
eigenvectors of a large problem using an iterative procedure it is time
to look for different, more efficient iterative procedures.
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Introduction to Inverse lteration

Inverse iteration is based on the fact that the symmetric stiffness
matrix has a banded structure, that is a relatively large triangular
portion of the matrix is composed by zeroes.

The banded structure is due to the FEM model: in every
equation of equilibrium the only non zero elastic force
coefficients are due to the degrees of freedom of the few
FE’s that contain the degree of freedom for which the

equilibrium is written.
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Definition of LU decomposition

Every symmetric, banded matrix can be subjected to a so called LU
decomposition, that is, for K we write

K=LU

where L and U are, respectively, a lower- and an upper-banded
matrix.
If we denote with b the bandwidth of K, we have
. . 1<
L= [11)] with ]'i]' =0 for {) <i-b

and
1>

U = |uy; ith ui; = 0 for
] with v {j>i+b

Truncated Sums,
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Twice the equations?

In this case, with w,, = M x,,, the recursion can be written
I—1-lx'r1+1 =Wn
or as a system of equations,

UXni1=2Znys1

L Zn+1 = Wn

Apparently, we have doubled the number of unknowns, but the z;'s
can be easily computed by the procedure of back substitution.

Truncated Sums,
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Back Substitution

Temporarily dropping the n and n + 1 subscripts, we can write

z1 = (w1)/l1
zp = (Wa — lp121) /122
z3 = (W3 — l3121 — 13022) /133

Truncated Sums,
Matrix Iteration
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Back Substitution

Temporarily dropping the n and n + 1 subscripts, we can write

z1 = (w1)/l1
zp = (Wa — lp121) /122
z3 = (W3 — l3121 — 13022) /133

The x are then given by Ux = z.

Truncated Sums,
Matrix Iteration

Giacomo Boffi
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Back Substitution



Back Substitution

We have computed z by back substitution, we must solve Ux = z
but U is upper triangular, so we have

XN = (zNn)/unN
XN—1 = (ZN—1 — UN—1,NZN)/UN—1,N—1

XN—2 = (ZN—2 —UN—2,NZN — UN-2,N—1ZN—1)/UN—_2 N—2

j—1

XN—j = (zN—j — Z UN—j,N—kZN—k)/UN—j,N—j,
k=0

Truncated Sums,
Matrix Iteration

Giacomo Boffi

LU Decomposition
Back Substitution



BaCk SUbStItUtIOH Truncated Sums,

Matrix lteration

Giacomo Boffi
We have computed z by back substitution, we must solve Ux = z
but U is upper triangular, so we have

XN = (Zn)/uNnN

XN-1 = (ZN—1 —UN—1,NZN)/UN—1,N—1

LU Decomposition
XN—2 = (ZN_2 — UN—2,NZN — UN_QVN_]_ZN_]_)/LLN_2'N_2 Back Substitution
j—1
XN—j = (zZN—j — E UN—j,N—kZN—k)/UN—j N—j,
k=0

For moderately large systems, the reduction in operations count
given by back substitution with respect to matrix multiplication is so
large that the additional cost of the LU decomposition is negligible.



Matrix Iteration with Shifts



Introduction to Shifts

Inverse iteration can be applied to each step of matrix iteration with
sweeps, or to each step of a different procedure intended to compute
all the eigenpairs, the matrix iteration with shifts.

Truncated Sums,
Matrix lteration
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Matrix Iteration
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Matrix Iteration with Shifts, 1 Wiatri neration
Giacomo Boffi

If we write

Wi =p+A,
where W is a shift and Ay is a shifted eigenvalue, the eigenvalue problem
can be formulated as

K = (L +A )My

or
(K= puM)p; =AM ;.

If we introduce a modified stiffness matrix

K=K-uM,

Matrix Iteration
with Shifts

we recognize that we have a new problem, that has exactly the same
eigenvectors and shifted eigenvalues,

Ko =AMy,

where
bi =y, A= w?—p



Matrix lteration with Shifts, 2

The shifted eigenproblem can be solved, e.g., by matrix iteration and the
procedure will converge to the smallest absolute value shifted eigenvalue and to
the associated eigenvector. After convergence is reached,

Py = ¢y,

w? =\ +

Truncated Sums,
Matrix Iteration

Giacomo Boffi

Matrix Iteration
with Shifts



Matrix lteration with Shifts, 2

The shifted eigenproblem can be solved, e.g., by matrix iteration and the
procedure will converge to the smallest absolute value shifted eigenvalue and to
the associated eigenvector. After convergence is reached,

Pi =y, w? = Ay + p.

The convergence of the method can be greatly enhanced if the shift u is updated
every few steps during the iterative procedure using the current best estimate of
Ai,

}\i n+l1 — Mv
' Xn+1MXn+l
to improve the modified stiffness matrix to be used in the following iterations,

K = K - 7\i,n+1M

Truncated Sums,
Matrix lteration

Giacomo Boffi
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with Shifts



Matrix lteration with Shifts, 2

The shifted eigenproblem can be solved, e.g., by matrix iteration and the
procedure will converge to the smallest absolute value shifted eigenvalue and to
the associated eigenvector. After convergence is reached,

Pi =y, w? = Ay + p.

The convergence of the method can be greatly enhanced if the shift u is updated
every few steps during the iterative procedure using the current best estimate of
Ai,

}\i n+l1 — Mv
' Xn+1MXn+l
to improve the modified stiffness matrix to be used in the following iterations,

K = K - 7\i,n+1M

Much thought was spent on the problem of choosing the initial shifts, so that all
the eigenvectors can be computed in sequence without missing any of them.

Truncated Sums,
Matrix lteration

Giacomo Boffi

Matrix Iteration
with Shifts
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Rayleigh Quotient for Discrete Systems

Truncated Sums,
Matrix Iteration

Giacomo Boffi

The matrix iteration procedures are usually used in conjunction with methods
derived from the Rayleigh Quotient method.

Rayleigh
Methods
Rayleigh-Ritz
etho
Rayleigh-Ritz
Example

Subspace iteration



Rayleigh Quotient for Discrete Systems Truncated Sums,

Matrix Iteration

Giacomo Boffi

The matrix iteration procedures are usually used in conjunction with methods
derived from the Rayleigh Quotient method.

The Rayleigh Quotient method was introduced using distributed flexibilty
systems and an assumed shape function, but we have seen also an example

where the Rayleigh Quotient was computed for a discrete system using an
assumed shape vector.

Rayleigh
Methods
Rayleigh-Ritz
etho
Rayleigh-Ritz
Example

Subspace iteration



Rayleigh Quotient for Discrete Systems Truncated Sums,

Matrix Iteration

Giacomo Boffi

The matrix iteration procedures are usually used in conjunction with methods
derived from the Rayleigh Quotient method.

The Rayleigh Quotient method was introduced using distributed flexibilty
systems and an assumed shape function, but we have seen also an example
where the Rayleigh Quotient was computed for a discrete system using an
assumed shape vector.

The procedure to be used for discrete systems can be summarized as

x(t) = ¢pZgsin wt, x(t) = wdpZ, cos wt,
Rayleigh
2.7 T Methods
e = PO ™Mb, 2Vinar = & Kb,

Rayleigh-Ritz
Example

Subspace iteration



Rayleigh Quotient for Discrete Systems Truncated Sums,

Matrix Iteration

Giacomo Boffi

The matrix iteration procedures are usually used in conjunction with methods
derived from the Rayleigh Quotient method.

The Rayleigh Quotient method was introduced using distributed flexibilty
systems and an assumed shape function, but we have seen also an example
where the Rayleigh Quotient was computed for a discrete system using an
assumed shape vector.

The procedure to be used for discrete systems can be summarized as

x(t) = dZgsin wt, x(t) = wPpZgy cos wt,
Rayleigh
24T T Methods
2Tmax = "G M &, 2Vmax = @ K, Rayleigh-Ritz
Metho
equating the maxima, we have Rayleigh-Ritz
xample
Subspace iteration
o OKd Kkt
d)TM (b m*'

where ¢ is an assumed shape vector, not an eigenvector.



Ritz Coordinates [

Giacomo Boffi

For a N DOF system, an approximation to a displacement vector x
can be written in terms of a set of M < N assumed shape, linearly
independent vectors,

¢i, i=1,...,M<N

and a set of Ritz coordinates z;, 1—1,...,M < N:

Rayleigh-Ritz
Example

X = E (I)izi =]z ’l‘?ﬂxlﬁioah-mu
i

Subspace iteration

We say approximation because a linear combination of M < N
vectors cannot describe every point in a N-space.



Rayleigh Quotient in Ritz Coordinates Truncated Sums,

Matrix Iteration

Giacomo Boffi

We can write the Rayleigh quotient as a function of the Ritz
coordinates, B
5 ZT®TKDz  k(z)
w(z) = 7 =—_——,
zlp "M pz m(z)

but this is not an explicit function for any modal frequency...

Rayleigh-Ritz
Method
Rayleigh-Ritz
Example
Subspace iteration



Truncated Sums

Rayleigh Quotient in Ritz Coordinates Masrie neration

Giacomo Boffi

We can write the Rayleigh quotient as a function of the Ritz

coordinates, B
5 ZT®TKDz  k(z)
w(z) = o7 ==
zlp "M pz m(z)

but this is not an explicit function for any modal frequency...

On the other hand, we have seen that frequency estimates are always
greater than true frequencies, so our best estimates are the the local

minima of w?(z), or the points where all the derivatives of w?(z) Rayleigh-Ritz
with respect to z; are zero: Rayleigh-Ritz
oR(2) o) Subspace iteration
— z — m(z
dar(z) _™MH S, mMEIT,

o, — CBIE =0, fori=1,..., M <N




Rayleigh Quotient in Ritz Coordinates Truncated Sums,

Matrix Iteration

Giacomo Boffi

Observing that B
k(z) = w?(z)m(z)

we can substitute into and simplify the preceding equation,

ok om
&) 2 )?™3 g i1 M<N
aZi aZi
ﬁ:};leiogdh-Ritz
Rayleigh-Ritz
EXsmnls

Subspace iteration



Rayleigh Quotient in Ritz Coordinates Truncated Sums,

Matrix Iteration

Giacomo Boffi

With the positions

O'Kd =K and O"M® =M

we have B B ~
k(Z) = ZTKZ = Z Z krszrzsx
hence
ok(z) _ _
{ aZxl } = {;kiszs + ;krizr} .
Due to symmetry, ki = ki, and consequently Rayleigh-Ritz

Method
Rayleigh-Ritz

_ Example
ak[Z) — — Subspace iteration
{ oz, } = {2;1«15%} = 2Kz.

{ om(z)

Analogously

aZi

} =2Mz.



Reduced Elgen problem Truncated Sums,

Matrix Iteration

Giacomo Boffi

Substituting these results in alg;Z} — wz(z)a?iz(_z) = 0 we can write

a new eigenvector problem, in the M DOF Ritz coordinates space,
with reduced M x M matrices:

Rayleigh-Ritz
Method
Rayleigh-Ritz
Example
Subspace iteration



Modal Superposition? ncated Sume.

Matrix lteration

Giacomo Boffi

After solving the reduced eigenproblem, we have a set of M
eigenvalues w% and a corresponding set of M eigenvectors z;. What
is the relation between these results and the eigenpairs of the original
problem?

The @? clearly are approximations from above to the real
eigenvalues, and if we write p; = ®@Z; we see that, being

7T P o _ R
ll)i Mll)] = Z-ir (I)TM(D zZ; = Miéijv
M o=

Rayleigh-Ritz
Example
Subspace iteration

the approximated eigenvectors 1; are orthogonal with respect to the
structural matrices and can be used in ordinary modal superposition

techniques.



A LaSt Quest|on Truncated Sums,

Matrix Iteration

Giacomo Boffi

One last question: how many w% and ; are effective

approximations to the true eigenpairs? Experience tells that an

effective approximation is to be expected for the first M /2

eigenthings.
i
Rayleigh-Ritz

Example
Subspace iteration
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RR Example

k|X3

The structural matrices

+2
-1
K=k |0
0
0

-1

+2

-1
0
0

0
-1
+2
—1

0

0 0
0 0
-1 0
+2 -1
-1 +1

OO OO

O oo+~ Oo

oo+~ OO

o= OOoOOo

= O O O O



RR Example

m The structural matrices
klxs +2 -1 0 0 0 1
m -1 42 -1 0 0 0
kx4K:k 0 -1 42 -1 0| M=m|0
m 0 0 -1 42 -1 0
0 0 0 -1 +1 0
k(X3 The Ritz base vectors and the reduced matrices,
m 02 —05] 02 0.2
k|X2 04 —-10| K=k {0'2 2'0]
m d=1|06 —-05 ~ '2 5 .O 5
k|x 0.8 400 M=m {0'2 2'5}
i 2 1.0 1.0 ' '

O oo+~ Oo
[eNeN N eNe]
o= OOoOOo
= O O O O



RR Example

m The structural matrices
klxs +2 -1 0 0 0 1 00
m -1 42 -1 0 0 0 1 0
kx4K:k 0 -1 +2 -1 0(M=m|0 0 1
m 0 0 -1 42 -1 0 0 O
0 0 0 -1 +1 0 0 O
k(X3 The Ritz base vectors and the reduced matrices,
m 02 —05] 02 0.2
k|X2 04 —-10| K=k 0'2 2'0
m d=1|06 —-05 B '2 5 .O 5
k|x 0.8 400 M=m {0'2 2'5}
N 2 1.0 1.0 ' '

Red. eigenproblem (p = w? m/k): {227 222pp 23 73;)} {il} =
- - 2

o= OOoOOo

0
0

= O O O O



RR Example

m The structural matrices
klxs +2 -1 0 0 0 1 0 0 0 O
m -1 42 -1 0 0 01 0 0 O
kx4K:k 0 -1 +2 -1 0(M=m|f0 0 1 0 O
m 0 0 -1 42 -1 0 0 01 O
0 0 0 -1 +1 0 00 01
kX3 The Ritz base vectors and the reduced matrices,
m 02 —05] 02 0.2
k|X2 04 —-10| K=k 0'2 2'0
m d=1|06 —-05 B '2 5 .O 5
k|x 0.8 400 M=m {0'2 2'5}
i 2 1.0 1.0 ' '

Red. eigenproblem (p = w? m/k): {2 222pp 23 _;gp} {2} = {8}
The roots are p; = 0.0824, p, = 0.800, the frequencies are

w; = 0.287+/k/m [ = 0.285], w, = 0.8504/k/m [ = 0.831], while the k/m
normalized exact eigenvalues are [0.08101405, 0. 69027853}

The first eigenvalue is estimated with good approximation.



Rayleigh-Ritz Example

Truncated Sums,
Matrix Iteration

Giacomo Boffi

. . . . 1.329  0.03170
The Ritz coordinates eigenvector matrix is Z = 01360 1.240 |°
The RR eigenvector matrix, @ and the exact one, ¥:
+0.3338 —0.6135 +0.3338 —0.8398
+0.6676 —1.2270 +0.6405 —1.0999
® = |+0.8654 —0.6008] , Y = [+0.8954 —0.6008
+1.0632 +0.0254 +1.0779 +0.3131
+1.1932 +1.2713 +1.1932 +1.0108
Rayleigh-Ritz
The accuracy of the estimates for the 1st mode is very good, on the contrary the "\R":ile?gh_mu
2nd mode estimates are in the order of a few percents. Example

Subspace iteration



Rayleigh-Ritz Example

Truncated Sums,
Matrix Iteration

Giacomo Boffi

. . . . 1.329  0.03170
The Ritz coordinates eigenvector matrix is Z = 01360 1.240 |°
The RR eigenvector matrix, @ and the exact one, ¥:
+0.3338 —0.6135 +0.3338 —0.8398
+0.6676 —1.2270 +0.6405 —1.0999
® = |+0.8654 —0.6008] , Y = [+0.8954 —0.6008
+1.0632 +0.0254 +1.0779 +0.3131
+1.1932 +1.2713 +1.1932 +1.0108
Rayleigh-Ritz
The accuracy of the estimates for the 1st mode is very good, on the contrary the "\R":ile?gh_mu
2nd mode estimates are in the order of a few percents. Example

Subspace iteration

It may be interesting to use ® =K M @ as a new Ritz base to get a new
estimate of the Ritz and of the structural eigenpairs.
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Introduction to Subspace Iteration i G
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Rayleigh-Ritz gives good estimates for p ~ M /2 modes, due also to
the arbitrariness in the choice of the Ritz reduced base @.

Having to solve a M = 2p order problem to find p eigenvalues is
very costly, as the operation count is o« O(M3).

Rayleigh-Ritz
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Rayleigh-Ritz
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Introduction to Subspace Iteration i G

Giacomo Boffi

Rayleigh-Ritz gives good estimates for p ~ M /2 modes, due also to
the arbitrariness in the choice of the Ritz reduced base @.

Having to solve a M = 2p order problem to find p eigenvalues is
very costly, as the operation count is o« O(M3).

Choosing better Ritz base vectors, we can use less vectors and solve
a smaller (much smaller in terms of operations count) eigenvalue
problem.

Rayleigh-Ritz
etho
Rayleigh-Ritz
Example
Subspace iteration



Introduction to Subspace Iteration

Rayleigh-Ritz gives good estimates for p ~ M /2 modes, due also to
the arbitrariness in the choice of the Ritz reduced base ®.

Having to solve a M = 2p order problem to find p eigenvalues is
very costly, as the operation count is oc O(M3).

Choosing better Ritz base vectors, we can use less vectors and solve
a smaller (much smaller in terms of operations count) eigenvalue
problem.

If one thinks of it, with a M = 1 base we can always compute,
within arbitrary accuracy, one eigenvector using the Matrix lteration
procedure, isn't it?

And the trick is to change the base at every iteration...

Truncated Sums,
Matrix Iteration
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Introduction to Subspace Iteration

Rayleigh-Ritz gives good estimates for p &~ M /2 modes, due also to
the arbitrariness in the choice of the Ritz reduced base @.

Having to solve a M = 2p order problem to find p eigenvalues is
very costly, as the operation count is oc O(M3).

Choosing better Ritz base vectors, we can use less vectors and solve
a smaller (much smaller in terms of operations count) eigenvalue
problem.

If one thinks of it, with a M = 1 base we can always compute,
within arbitrary accuracy, one eigenvector using the Matrix Iteration
procedure, isn't it?

And the trick is to change the base at every iteration...

The Subspace Iteration procedure is a variant of the Matrix Iteration
procedure, where we apply the same idea, to use the response to
inertial loading in the next step, not to a single vector but to a set of
different vectors at once.

Truncated Sums,
Matrix Iteration
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with Shifts
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Methods
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Example
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Statement Of the procedure Truncated Sums,

Matrix lteration

Giacomo Boffi

The first M eigenvalue equations can be written in matrix algebra, in
terms of an N x M matrix of eigenvectors @ and an M x M
diagonal matrix A that collects the eigenvalues

K & =M O A

NxN NxM NXxN NxM MxM
Using again the hat notation for the unnormalized iterate, from the
previous equation we can write

Rayleigh-Ritz
etho

~
Rayleigh-Ritz

K®; = M@y St
Subspace iteration

where @g is the matrix, N x M, of the zero order trial vectors, and
@ is the matrix of the non-normalized first order trial vectors.



Orthonormalization [

Giacomo Boffi

To proceed with iterations,

1. the trial vectors in @, 1 must be orthogonalized, so that each
trial vector converges to a different eigenvector instead of
collapsing to the first eigenvector,

2. all the trial vectors must be normalized, so that the ratio
between the normalized vectors and the unnormalized iterated
vectors converges to the corresponding eigenvalue.

Rayleigh-Ritz
etho
Rayleigh-Ritz
Example
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Orthonormalization [

Giacomo Boffi

To proceed with iterations,

1. the trial vectors in @, 1 must be orthogonalized, so that each
trial vector converges to a different eigenvector instead of
collapsing to the first eigenvector,

2. all the trial vectors must be normalized, so that the ratio
between the normalized vectors and the unnormalized iterated
vectors converges to the corresponding eigenvalue.

These operations can be performed in different ways (e.g., o i
ortho-normalization by Gram-Schmidt process). Rayleigh-Ritz
Another possibility to do both tasks at once is to solve a Subspace teration
Rayleigh-Ritz eigenvalue problem, defined in the Ritz base

constituted by the vectors in (i)nﬂ.



Associated Eigenvalue Problem

Developing the procedure for n = 0, with the generalized matrices
F=d,"Kd,

and R )

MI = (I)lTM(I)]_
the Rayleigh-Ritz eigenvalue problem associated with the orthonormalisation of
(ADI is

KiZ; = M:Z, Q2.
After solving for the Ritz coordinates mode shapes, Z, and the frequencies Q?,
using any suitable procedure, it is usually convenient to normalize the shapes, so
that Z; TM?Z; = I. The ortho-normalized set of trial vectors at the end of the
iteration is then written as

(D1 = &)121.

The entire process can be repeated for n =1, then n =2, n = ... until the
eigenvalues converge within a prescribed tolerance.
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In principle, the procedure will converge to all the M lower
eigenvalues and eigenvectors of the structural problem, but it was
found that the subspace iteration method converges faster to the
lower p eigenpairs, those required for dynamic analysis, if there is
some additional trial vector; on the other hand, too many additional
trial vectors slow down the computation without ulterior benefits.
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eigenvalues and eigenvectors of the structural problem, but it was

found that the subspace iteration method converges faster to the

lower p eigenpairs, those required for dynamic analysis, if there is

some additional trial vector; on the other hand, too many additional

trial vectors slow down the computation without ulterior benefits.

Experience has shown that the optimal total number M of trial

vectors is the minimum of 2p and p + 8. S
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In principle, the procedure will converge to all the M lower

eigenvalues and eigenvectors of the structural problem, but it was

found that the subspace iteration method converges faster to the

lower p eigenpairs, those required for dynamic analysis, if there is

some additional trial vector; on the other hand, too many additional

trial vectors slow down the computation without ulterior benefits.

Experience has shown that the optimal total number M of trial

vectors is the minimum of 2p and p + 8. S
The subspace iteration method makes it possible to compute R e Rits
simultaneosly a set of eigenpairs within any required level of CH T
approximation, and is the preferred method to compute the

eigenpairs of a complex dynamic system.
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