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1 2 DoF system — Support Motion

K =
3

8

EJ

L3

[
3 −1
−1 3

]
, M = m

[
1 0
0 1

]
= mI.

The eq. of free vibrations (multiplied by a suitable constant) is

8

3

L3

EJ

(
3

8

EJ

L3

[
3 −1
−1 3

]
−mω2

[
1 0
0 1

])
ψ sinωt = 0

or, with Λ = 8/3 ω2/ω2
0 ([

3 −1
−1 3

]
− Λ

[
1 0
0 1

])
ψ = 0

A non trivial solution is possible when

det

(
3− Λ −1
−1 3− Λ

)
= Λ2 − 6Λ + 8 = 0→ Λ1 = 2, Λ2 = 4

or
ω2
1 = 3/4ω2

0 , ω
2
2 = 3/2ω2

0 .

We can write, from the first of the equations of free vibrations,

ψ2i = (3− Λi)ψ1i

that, upon substitution of ψ1i ≡ 1, gives

Ψ =

[
1 1
1 −1

]
.

The resulting modal mass matrix is

M∗ = ΨTM Ψ = mΨTΨ = 2mI →M∗−1 =
1

2m
I.

Writing our results only for 0 ≤ t ≤ t1, it is

u̇ =
∆

t1
(1− cos(2πt/t1)) , ü =

2π∆

t21
sin(2πt/t1)
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and, because 2π/t1 = 16ω0 and 1/t1 = 16ω0/2π, it is

ü =
2π∆

t21
sin(2πt/t1) =

256∆ω2
0

2π
sin(16ω0t).

The sketches of the support velocity and acceleration are

The displacements of the mass are xtot = x + EuA, where, by analysis of
the rigid motion,

E =

{
1
0

}
so the equation of the motion is

Mẍ+Kx = −MEü = −mEü.

The modal equations are

M∗q̈ +K∗q = −mΨTEü

and, with λ2i = 3/4, 3/2 and ΨTE =
{

1 1
}T

2mq̈i + 2mλ2iω
2
0qi = −mü = −128

π
m∆ω2

0 sin(16ω0t), i = 1, 2.

Simplifying

q̈i + λ2iω
2
0qi = −64

π
∆ω2

0 sin(16ω0t)

and, considering that we start from rest conditions

qi(t) = ∆Ci

(
sin(16ω0t)−

16

λi
sin(λiω0t)

)
, Ci =

64

π

1

256− λ2i

The displacement x1(t1/2) is as follows,

x1(t1/2) = q1(t1/2) + q2(t1/2)

and because it is 16ω0t1/2 = π and λiω0t1/2 = λi/16π

x1(t1/2) = ∆
∑
−Ci

16

λi
sin(

λi
16
π)
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2 Rayleigh Quotient

k = k{5, 4, 3}, m = m{5, 4, 4},

x0 = Z0{1, 2, 3} sinωt, ẋ0 = ωZ0{1, 2, 3} cosωt, ẍ0 = −ω2Z0{1, 2, 3} sinωt,

δ0 = Z0{1, 1, 1} sinωt

Vmax =
1

2
δ20 · k =

1

2
k(1× 5 + 1× 4 + 1× 3)Z2

0 =
1

2
12kZ2

0

Tmax =
1

2
ẋ2
0 ·m =

1

2
mω2(1× 5 + 4× 4 + 9× 4)Z2

0 =
1

2
mω257Z2

0

It is

R00 =
12

57

k

m
=

4

19

k

m
= 0.21052631578947367

k

m

The inertial forces associated with φ0 are

fI = {−miẍi} = mω2{5× 1, 4× 2, 4× 3}Z0 sinωt = mω2{5, 8, 12}Z0 sinωt,

the storey shears are

s = mω2{25, 20, 12}Z0 sinωt,

the storey deflections are

δ1 = si/ki = mω2/k{25/5, 20/4, 12/3}Z0 sinωt = mω2/k{5, 5, 4}Z0 sinω

and the displacements are

x1 = mω2/k{5, 10, 14}Z0 sinω.

The new approximation to Vmax is

Vmax =
1

2

∑
δ1,ifI,i =

1

2
m2ω4(5× 5 + 8× 10 + 12× 14)Z2

0 =
1

2
m2ω4273Z2

0

and equating to Tmax

R01 =
57

273

k

m
= 0.2087912087912088

k

m
.

The new velocities are

ẋ1 = mω3/k{5, 10, 14}Z0 sinωt

and

Tmax =
1

2

∑
ẋ21,imi =

1

2
m3ω6/k2(525 + 1024 + 1424)Z2

0 =
1

2
m3ω6/k21309Z2

0

and, equating to Vmax, we have

R11 =
273

1309

k

m
= 0.20855614973262032

k

m
.
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