
Dynamics of Structures

September 6, 2018 Written Test

1 2 DoF system — Support Motion
The system is characterized by the nodal degrees of freedom, the structural ma-

trices and the load vector. With 𝑘 = 𝐸𝐽/𝐿3

�̄� = {
𝑥1
𝑥2
𝑥3
} , �̄� = 𝑚[

2 0 0
0 3 0
0 0 0

] , �̄� =
3
14

𝑘 [
15 −20 4𝐿
−20 64 −24𝐿
4𝐿 −24𝐿 16𝐿2

] . �̄� = {
0
0
1
}𝑊(𝑡).

Of course wemust perform a static condensation to have a positive definite
mass matrix, using 𝑥 ≡ 𝑥𝑑 = {𝑥1 𝑥2}𝑇 and 𝑥𝑠 = 𝑥3, using the stiffness matrix
given in the text (with �̂� = 3𝑘/14) it is

𝐩 = 𝐩𝑑 − 𝐊𝑑𝑠𝐊−1
𝑠𝑠 𝐩𝑠 = {00} − { 4 �̂�𝐿

−24 �̂�𝐿
}

1

16 �̂�𝐿2
𝑊(𝑡) =

= {
− 1/4
6/4 }

𝑊(𝑡)
𝐿

= {
− 1/4
6/4 } Δ 𝑘 sin 2𝜔0𝑡.

The equation of motion is

𝑚[2 0
0 3] �̈� + 𝑘 [ 3 −3

−3 6 ] 𝐱 = {
− 1/4
6/4 } 𝑘Δ sin 2𝜔0𝑡.

The eigenvalues and the eigenvectors follow from the equation of free vibra-
tions,

(𝐊 − 𝜔2𝐌)𝝍 = 𝟎

that admits non trivial solutions when

det (3 − 2Λ −3
−3 6 − 3Λ) = 0, Λ ≡ 𝜆2 =

𝜔2𝑚
𝑘

=
𝜔2

𝜔2
0
.
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Expanding the determinant we have 6Λ2 − 21Λ + 9 = 0 and it is

Λ1,2 =
21 ∓ √212 − 4 ⋅ 6 ⋅ 9

2 ⋅ 6
=
21 ∓ 15
12

= {
1/2
3

The eigenvectors can be determined using the one of the equations of free vi-
brations, here the first one

(3 − 21/2)𝜓11 = 3𝜓21, (3 − 2 ⋅ 3)𝜓12 = 3𝜓22.

Using arbitrarily 𝜓21 = 𝜓12 = 2 and solving for the remaining unknowns
gives

𝚿 = [+3 +2
+2 −2]

and this choice leads to a modal mass matrix

𝐌⋆ = 𝚿𝑇𝐌𝚿 = 𝑚[30 0
0 20] .

Themodal equation of motion follows from the identity 𝐱 = 𝚿𝐪, so that,
premultiplying member by member by 𝚿𝑇 using 𝛿 = Δ sin 2𝜔0𝑡 we have

𝐌⋆�̈� + 𝐊⋆𝐪 =
1
4
𝑘𝛿𝚿𝑇 {−16 } =

1
4
𝑘𝛿 [+3 +2

+2 −2] {−16 } = 𝑘𝛿 { +
9/4

−14/4} .

Premultiplying by𝐌⋆−1 and writing separately the two equations

̈𝑞1 + 1/2𝜔2
0 𝑞1 = + 3/40𝜔2

0Δ sin 2𝜔0𝑡
̈𝑞2 + 3𝜔2

0 𝑞2 = − 7/40𝜔2
0Δ sin 2𝜔0𝑡

The particular integral for a harmonic excitation,

̈𝑞𝑖 + 𝜆2𝑖 𝜔2
0 𝑞𝑖 = 𝜔2

0𝑑𝑖 sin 𝜆0𝜔0𝑡

is 𝜉𝑖(𝑡) = 𝑐𝑖 sin 𝜆0𝜔0𝑡; substituting and simplifying

𝑐𝑖 (𝜆2𝑖 − 𝜆20) = 𝑑𝑖

so that, substituting the numerical values and solving, we have

𝑐1 =
+ 3/40Δ
1/2 − 4

= −
3
140

Δ, 𝑐2 =
− 7/40Δ
3 − 4

= +
7
40

Δ.
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The general integral is

𝑞𝑖(𝑡) = 𝑎𝑖 sin 𝜆𝑖𝜔0𝑡 + 𝑏𝑖 cos 𝜆𝑖𝜔0𝑡 + 𝑐𝑖 sin 𝜆0𝜔0𝑡

and, starting from rest conditions, it is

𝑏𝑖 = 0, 𝑎𝑖 = −𝑐𝑖
𝜆0
𝜆𝑖

or, with the numerical values,

𝑎1 = − (−
3Δ
140

2

√1/2
) =

3√2Δ
70

= +0.0606092 Δ,

𝑎2 = − (+
7Δ
40

2

√3
) = −

7√3Δ
60

= −0.202073 Δ.

The displacement 𝑥2 at 𝑡 = 𝜋/𝜔0 follows from the modal displacements,

𝑞1(𝜋/𝜔0) = +0.0606092 Δ sin 𝜋/√2, 𝑞2(𝜋/𝜔0) = −0.202073 Δ sin√3𝜋

(taking into account that sin 2𝜔0𝜋/𝜔0 = sin 2𝜋 ≡ 0) and because it is 𝑥2 =
2 (𝑞1 − 𝑞2) we have, substituting the numerical values,

𝑥2(𝜋/𝜔0) = −0.205013 Δ

.
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